We investigate the structure of equations of motion and lagrangian constraints in the most general theory of massive spin 2 field interacting with external gravitational field. We demonstrate how consistency with the flat spacetime limit can be achieved if the external gravity fulfills vacuum Einstein equations with arbitrary cosmological constant and show that in this case there exists one-parameter family of theories describing the massive spin 2 field. These theories describe causal propagation of the correct number of degrees of freedom. For a specific value of the parameter a gauge invariance with a vector parameter appears, we interpret this value as massless limit of the theory. Another specific value of the parameter produces gauge invariance with a scalar parameter and this cannot be interpreted as a consistent massive or massless theory.
Problems of consistent equations of motion for interacting higher spin fields deserve studying due to many reasons. First of all, string theory includes an infinite tower of massive excitations with all possible spins and thus should allow some consistent effective description of arbitrary spin fields interaction. Second, composite resonance particles with higher spins do exist and one should be able to describe their interaction (for example, with external electromagnetic and gravitational fields) in terms of some effective local field theory. At last, investigation of higher spin fields is interesting on its own from the general point of view. It would be surprising if nature admits description of free fields with arbitrary spins but stops, say, at spin 1 in case of interacting massive fields. Even if it is really the case, one should try to understand why this is the way the nature works. This note is devoted to an investigation of the massive spin 2 field interacting with external gravity which represents one of the simplest higher spin models. It has been studied in numerous papers [1] - [6] 2 but careful and general analysis of the consistency and causality of the theory in arbitrary curved spacetime was still absent. In our previous paper [10] we proposed the equations of motion for massive spin 2 field non-minimally coupled to external gravity corresponding to Einstein spacetime and argued their consistency. Here we prove the causality of these equations. We demonstrate that correct counting of all lagrangian constraints of the theory allows to describe causal propagation of the massive spin 2 field in an Einstein spacetime by means of consistent classical action containing one arbitrary parameter of non-minimal interaction.
Lagrangian description is most suitable for introducing interaction in a free field theory but in case of higher spin models it usually produces consistency problems.
There are at least two ways the interaction may spoil the consistency. Firstly, interaction may change the number of dynamical degrees of freedom. For example, a massive field with spin s in D = 4 Minkowski spacetime is described by a rank s symmetric traceless transverse tensor φ (µ 1 ...µs) satisfying the mass shell condition:
To reproduce all these equations from a single lagrangian one needs to introduce auxiliary fields χ µ 1 ...µ s−2 , χ µ 1 ...µ s−3 , . . . , χ [11, 12] . These symmetric traceless fields vanish on shell but their presence in the theory provides lagrangian description of the conditions (1). In higher dimensional spacetimes there appear fields of more complex tensor structure but general situation remains the same, i.e. lagrangian description always requires presence of unphysical auxiliary degrees of freedom. Namely these auxiliary fields create problems when one tries to turn on interaction in the theory. Arbitrary interaction makes the auxiliary fields dynamical thus increasing the number of degrees of freedom. Usually these extra degrees of freedom are ghostlike and should be considered as pathological. Requirement of absence of these extra dynamical degrees of freedom imposes severe restrictions on the possible interaction.
The other problem that may arise in higher spin fields theories is connected with possible violation of causal properties. This problem was first noted in the theory of spin 3/2 field in external fields [13] (see also the review [14] and a recent discussion in [15] )
In general, when one has a system of differential equations for a set of fields φ B (to be specific, let us say about second order equations)
the following definitions are used. A characteristic matrix is the matrix function of D arguments n µ built out of the coefficients at the second derivatives in the equations:
If for any n i (i = 1, . . . , D−1) all solutions of the characteristic equation n 0 (n i ) are real then the system of differential equations is called hyperbolic and describes propagation of some wave processes. The hyperbolic system is called causal if there is no timelike vectors among solutions n µ of the characteristic equations. Such a system describes propagation with a velocity not exceeding the speed of light. If there exist timelike solutions for n µ then the corresponding characteristic surfaces are spacelike which violates causality.
Turning on interaction in theories of higher spin fields in general changes the characteristic matrix and there appears possibility of superluminal propagation. Such a situation also should be considered as pathological.
All these problems arise in the theory of massive spin 2 field coupled to external gravitational field. To provide consistency of the interaction we should conserve the same number of physical degrees of freedom and constraints that the theory posesses in flat spacetime. To find the complete set of constraints we will use the general lagrangian scheme [16] which is equivalent to the Dirac-Bergmann procedure in hamiltonian formalism but for our purposes is simpler. In the case of second class constraints (which is relevant for massive higher spin fields) it consists in the following steps. If in a theory of some set of fields φ A (x), A = 1, . . . , N the original lagrangian equations of motion define only r < N of the second time derivatives ("accelerations")φ A then one can build N − r primary constraints, i.e. linear combinations of the equations of motion that does not contain accelerations. Requirement of conservation in time of the primary constraints either define some of the missing accelerations or lead to new (secondary) constraints. Then one demands conservation of the secondary constraints and so on, until all the accelerations are defined and the procedure closes up.
Before considering the theory in external gravitational field we analyze the structure of equations of motion in Minkowski spacetime. The purpose of this analysis is twofold. First, we illustrate the general scheme of calculating the constraints within covariant lagrangian framework. In addition, building a consistent and causal theory in curved spacetime we use these flat constraints as a reference point.
Free spin 2 filed is known to be described by the Fierz-Pauli action [11] (we consider arbitrary spacetime dimension):
Here the role of auxiliary field is played by the trace H = η µν H µν . The equations of motion
contain D primary constraints (expressions without second time derivativesḦ µν ):
The remaining equations of motion E ij = 0 allow to define the accelerationsḦ ij in terms ofḢ µν and H µν . The accelerationsḦ 00 ,Ḧ 0i cannot be expressed from the equations directly.
Conditions of conservation of the primary constraints in timeĖ 0µ ≈ 0 lead to D secondary constraints. On-shell they are equivalent to
Conservation of ϕ gives another one constraint. It is convenient to choose it in the covariant form by adding suitable terms proportional to the equations of motion:
Conservation of ϕ (3) gives one more constraint on initial values
and from the conservation of this last constraint the accelerationḦ 00 is defined. Altogether there are 2D + 2 constraints on the initial values ofḢ µν and H µν . The lagrangian theory is equivalent to the system of the equations
and describes traceless and transverse symmetric tensor field of the second rank. Obviously, the equations of motion (10) are causal because the characteristic equation
has 2 multiply degenerate roots
which correspond to real null solutions for n µ . Note that analysis of causality is possible only after calculation of all the constraints. Original lagrangian equations of motion (4) have degenerate characteristic matrix det M(n) ≡ 0 and do not allow to define propagation cones of the field H µν .
In the massless limit m 2 = 0 the structure of the theory (3) changes. Instead of the secondary constraints (7) conservation of the primary constraints lead to identities ∂ µ E µν ≡ 0 which mean that the theory becomes gauge invariant with respect to the local transformations δH µν = ∂ µ ξ ν + ∂ ν ξ µ . Such a theory represents the quadratic part of the Einstein-Hilbert action for gravitational field and the gauge invariance is a linear counterpart of the general coordinate invariance. Now if we want to construct a theory of massive spin 2 field on a curved manifold first of all we should provide the same number of propagating degrees of freedom as in the flat case. It means that new equations of motion E µν should lead to exactly 2D + 2 constraints and in the flat spacetime limit these constraints should reduce to their flat counterparts.
Generalizing (3) to curved spacetime we should substitute all derivatives by the covariant ones and also we can add non-minimal terms containing curvature tensor with some dimensionless coefficients in front of them. As a result, the most general action for massive spin 2 field in curved spacetime quadratic in derivatives and consistent with the flat limit should have the form [1] :
where a 1 , . . . a 5 are so far arbitrary dimensionless coefficients,
contain second time derivatives of H µν in the following way:
So we see that accelerationsḦ 00 andḦ 0i again (as in the flat case) do not enter the equations of motion while accelerationsḦ ij can be expressed throughḢ µν , H µν and their spatial derivatives. There are D linear combinations of the equations of motion which do not contain second time derivatives and so represent primary constraints of the theory:
Now one should calculate time derivatives of these constraints and define secondary ones.
In order to do this in a covariant form we can add to the time derivative of ϕ (1) µ any linear combination of equations of motion and primary constraints. So we choose the secondary constraints in the following way:
At the next step conservation of these D secondary constraints should lead to one new constraint and to expressions for D − 1 accelerationsḦ 0i . This means that the constraints (17) should contain the first time derivativesḢ 0µ through the matrix with the rank D − 1:
In the flat spacetime we had the matrix
In the curved case the explicit form of this matrix elements in the constraints (17) is:
At this stage the restrictions that consistency imposes on the type of interaction reduce to the requirements that the above matrix elements give detΦ = 0 while det D i j = 0. If the gravitational background is arbitrary it is impossible to fulfill this condition by choosing some specific values of non-minimal couplings a 1 , . . . a 5 . For example, (21) leads to contradictory conditions a 4 + a 5 = 0, a 4 + a 5 − 1 = 0.
One possible way to fulfill the consistency requirements is to impose the following restriction on the external gravitational fields:
It means that one considers only Einstein spacetimes [19] representing solutions of vacuum Einstein equations with arbitrary cosmological constant. In these spacetimes the scalar curvature R is constant as follows from the Bianchi identity ∇ µ R µν = 1 2 ∇ ν R but the Weyl tensor part of the curvature tensor can be arbitrary. In particular, one may consider propagation of the massive spin 2 field on any popular exact solution of the Einstein equations such as spacetimes of constant curvature (dS/AdS), Schwarzschild, Kerr, dS/AdS-Schwarzschild, plane waves solutions etc.
If the Einstein equation (22) for external gravity is fulfilled the coefficients a 4 , a 5 in the lagrangian (13) are absent and the matrixΦ takes the form:
The simplest way to make the rank of this matrix to be equal to D − 1 is provided by the following choice of the coefficients:
As a result, we have one-parameter family of theories:
, a 3 = 0, a 4 = 0, a 5 = 0
with ξ an arbitrary real number. The action in this case takes the form
and the corresponding equations of motion are
The secondary constraints built out of them are
and the matrixΦ looks likê
Just like in the flat case, in this theory the conditionsφ (2) i ≈ 0 define the accelerationsḦ 0i and the conditionφ (2) 0 ≈ 0 after excludingḦ 0i gives a new constraint, i.e. the acceleration H 00 is not defined at this stage.
To define the new constraint in a covariant form we use the following linear combination ofφ (2) µ , equations of motion, primary and secondary constraints:
This gives tracelessness condition for the field H µν provided that parameters of the theory fulfill the conditions:
Requirement of conservation of ϕ (3) leads to one more constrainṫ
The last accelerationḦ 00 is expressed from the conditionφ (4) ≈ 0.
Using the constraints for simplifying the equations of motion we see that the original equations are equivalent to the following system:
The last expression represents D primary constraints.
For any values of ξ (except two degenerate values excluded by (31)) the theory describes the same number of degrees of freedom as in the flat case -the symmetric, covariantly transverse and traceless tensor. D primary constraints guarantees conservation of the transversality conditions in time.
Let us now consider the causal properties of the theory. Again, if we tried to use the equations of motion in the original lagrangian form (27) then the characteristic matrix
would be degenerate. This fact can be seen from the relation
which means that any symmetric tensor of the form n (µ t ν) (with t ν an arbitrary vector) represents a "null vector" for the matrix M(n) and therefore det M = 0. After having used the constraints we obtain the equations of motion written in the form (33) and the characteristic matrix becomes non-degenerate:
The characteristic cones remains the same as in the flat case. At any point x 0 we can choose locally G αβ (x 0 ) = η αβ and then n 2
Just like in the flat case the equations are hyperbolic and causal. Now let us discuss the massless limit of the theory under consideration. There are several points of view on the definition of masslessness in a curved spacetime of an arbitrary dimension. We guess that the most physically accepted definition is the one referring to appearance of a gauge invariance for some specific values of the theory parameters (see e.g. [20, 21] for a recent discussion).
In our case it means that the real mass parameter M for the field H µν in an Einstein spacetime is defined as
When M 2 = 0 instead of D secondary constraints ϕ (2) µ we have D identities for the equations of motion ∇ µ E µν ≡ 0 and the theory acquires gauge invariance δH µν = ∇ µ ξ ν + ∇ ν ξ µ . This explains the meaning of the first condition in (31), it just tells us that the theory is massive.
In fact, two parameters m 2 and ξ enter the action (26) in a single combination M 2 (38). Since scalar curvature is constant in Einstein spacetime there is no way to distinguish between the corresponding terms ∼ ξRHH, ∼ m 2 HH (with arbitrary ξ, m) in the action. The difference between the two will appear only if we consider Weyl rescaling of the metric. Note that the "massless" theory with M 2 is not Weyl invariant. In the case of dS/AdS spacetimes the difference between masslessness, conformal and gauge invariance and null cone propagation was discussed in detail in [22] . In our case the theory obviously cannot possess Weyl invariance.
The second inequality (31) is more mysterious. If it fails to hold, i.e. if M 2 = M 2 c ≡ D−2 D(D−1) R then instead of the constraint ϕ (3) the scalar identity
with the corresponding gauge invariance
arise. Appearance of this gauge invariance with a scalar parameter was first found for the massive spin 2 in spacetime of constant curvature in [22] and was further investigated [2, 4] in spacetimes with positive cosmological constant. Our analysis shows that this gauge invariance is a feature of more general spin 2 theories in arbitrary Einstein spacetimes. In this case we can simplify the equations of motion using the secondary constraints (28):
After imposing the gauge condition 3 H = 0 one can see that these equations describe causal propagation of the field H µν but the number of propagating degrees of freedom corresponds to neither massive nor massless spin 2 free field. It was argued in [2, 4] that appearance of the gauge invariance (40) leads to such pathological properties as violation of the classical Hamiltonian positiveness and negative norm states in the quantum version of the theory. One should expect similar problems in the general spin 2 theory in arbitrary Einstein spacetime described in this paper.
We demonstrated that in Einstein spacetimes spin 2 massive field can be consistently described by a one-parameter family of theories (26). For any value of the parameter satisfying (31) the corresponding equations describe the correct number of degrees of freedom which propagate causally. Our lagrangian for the spin 2 field in curved spacetime is the most general known so far, in all previous works only the theories with specific values of the parameter ξ were considered [4, 5] . Two degenerate values of the parameter ξ describe the theories with different degrees of freedom. One of this degenerate values corresponds to massless spin 2 field in an Einstein spacetime, another one describes neither massive nor massless spin 2 field.
The next natural step would consist in building a theory describing dynamics of both gravity and massive spin 2 field. In such a theory in addition to dynamical equations for the massive spin 2 field one would have dynamical equations for gravity with the energymomentum tensor constructed out of spin 2 field components. The analysis of consistency then changes and one needs to have correct number of constraints and causality for both fields interacting with each other [1] .
The only known consistent system of a higher spin field interacting with dynamical gravity is the theory of massless helicity 3/2 field, i.e. supergravity [17] (see also the book [18] ). In that case consistency with dynamical gravity requires four-fermion interaction. If a consistent description of spin 2 field interacting with dynamical gravity exists it may also require some non-trivial modification of the lagrangian. At least, it is known that lagrangians quadratic in spin 2 field do not provide such a consistency [1] . A possible way of consistent description of the spin 2 field on arbitrary gravitational background was recently proposed in [10] . This was achieved by means of representation of the lagrangian in the form of infinite series in curvature and imposing the consistency condition perturbatively in each order (earlier similar construction was investigated for symmetric Einstein spacetime in [6] ).
Further generalizations of our analysis may include theories of massive spins s ≥ 3 fields (which would require more complex structure of auxiliary fields) and interaction with other background fields, e.g. with scalar dilaton and antisymmetric tensor that are relevant in string theory.
